ABSTRACT: Flexural testing is the most common method used to measure the uniaxial tensile strength of ceramics and glasses. Although standard test methods have been developed for rectangular specimens, cylindrical rod specimens may be preferred in many cases. This paper summarizes how rods have been tested in the past, identifies key experimental errors and remedies, and serves as the foundation for a new standard test method for ceramics and glasses.
Introduction
Flexural strength testing has long been a staple technique for measuring the uniaxial tensile strength of brittle materials such as ceramics and glasses. Direct tension tests are less commonly used due to the large test piece size, the high costs of specimen fabrication and testing, and the difficulties of gripping without misalignments. Both three-and four-point flexure configurations are used as shown in Fig. 1 . Four-point is preferred for most applications and it is often qualified by an additional descriptor relating the fractional size of the moment arm, a, to the outer span length, L o . For example, 1 4 -point four-point is the case of a = L o / 4. The flexural strength test generates data for many purposes including material characterization, materials development, and design. Results from one size and testing configuration can be scaled to alternative configurations and sizes by Weibull statistical analysis, provided that key assumptions are fulfilled. Done improperly, flexural strength testing can give faulty data with excessive variability and errors that can reach the order of tens of percent. The errors can be either systematic or random.
It is widely recognized that brittle material strengths are statistical in nature. Specimen-to-specimen strength differences arise from variations in the flaws and the microstructure. Hence, it is necessary to use sample sets of ten or more specimens for even the simplest of goals such as determining an average strength for material ranking, material development, or materials specification purposes. Random and systematic testing errors can generate faulty data that obscure or spoil even these simple tasks. Such errors can also contaminate data for other tests such as fracture toughness experiments that use precracked beams in bending. If the goal of the testing is to estimate the intrinsic strength scatter of a material, any superimposed testing variability will render estimates incorrect. The use of statistics to account for variability from an assigned cause, i.e., the material's intrinsic flaw and microstructural variations, is different from the normal usage of statistics in experimental work. This creates a requirement that the experimental error of ceramic strength test data must be negligible compared to the intrinsic material variability.
Galileo Galilei analyzed the bending configuration in some detail in his book Dialogues Concerning Two New Sciences and concluded in Proposition 4 on day 3: "In cylinders of equal length … the resistance to fracture increases in the same ratio as the cube of the diameter …" [1] . Flexure testing has traditionally emphasized rectangular specimens which could be sliced and diamond wheel ground quite easily. At one time a myriad of testing and specimen configurations abounded and experimental errors were severe or unknown. Duckworth's seminal paper in 1951 [2] was the first to identify many of the errors in flexural strength testing of ceramics. He and his colleagues expanded the work in 1976 [3] . Jayatilaka had a section on flexure in his 1979 book [4] that identified five errors. Baratta and colleagues [5, 6] , in the 1980s refined and added to these error analyses and paved the way for the adoption of standard procedures for advanced or technical ceramics [7] [8] [9] [10] [11] [12] . Today the most common testing configuration is a 3 mm by 4 mm cross section rectangular specimen on 20 mm by 40 mm span four-point flexure fixtures, but 10 mm by 30 mm spans are sometimes used in Asia. Three-point testing is still an option, but four-point is preferred since more material is exposed to high stress. An in-depth review of flexure strength testing was presented by Quinn and Morrell [13] . We estimated that over 90 % of flexure testing on ceramics is done with rectangular specimens. Rod specimens are preferred in some cases particularly if the material is made or utilized in a round shape.
Glass rods have commonly been tested in flexure often due to their low cost and convenience. ASTM International has a standard for flexure strength of glass rods, C158 [14] , that was originally prepared in 1940. Fixed loading points of approximately 3 mm radius are prescribed, but a cautionary note about high contact stresses is included. The support edges may have a curvature of approximately 76 mm in the plane of the bearing edge to aid alignment of the specimens, as shown in Fig. 2 . The specimen size is optional although the minimum diameter must be 4.76 mm ͑3/16 in.͒. The length to diameter ratio has to be 10 or greater. El-liptical cross section and slightly bowed specimens are allowed. The moment arm has to be at least four times the diameter. A serious shortcoming is there is no provision for friction relief. In addition, the curved knife edges alleviate but do not eliminate the contact stresses of the crossed cylindrical surfaces.
The strength of electrical porcelains or insulating whitewares also is often measured with cylindrical rods in flexure. Even
Weibull [15] cited porcelain rod strengths to support his statistical model. Porcelain specimens of length 155-178 mm ͑6 in.-7 in.͒ with 25 mm ͑1 in.͒ diameter were common and were usually loaded in three-point mode on a 127 mm ͑5 in.͒ outer span. This configuration was listed as one of many "tentative test methods" in a fascinating 1928 topical issue of the Journal of the American Ceramic Society [16] . Very few details of the fixturing were given in the early papers, but fixed knife edges were the norm. An ASTM International standard for whitewares, C674 [17] , has large specimens suitable for whitewares and was originally prepared in 1971 to replace two earlier standards. It includes an option for testing 153 mm± 13 mm ͑6 in.± 0.5 in.͒ long cylindrical rods of diameters 6.4 mm ͑1/4 in.͒ to 28.6 mm ͑1.125 in.͒. Fixtures with fixed knife edges located 127 mm ͑5 in.͒ apart or 76 mm ͑3 in.͒ for the 6.4 mm diameter rods are specified.
Many advanced or technical ceramics have been tested in rod flexure form. Often the ceramic is in the form of extruded rods that are broken in their as-fabricated state. The flexure configuration is ideal for measuring the effects of surface condition on strength of structural ceramics. Strengths of transversely and longitudinally ground rods with a variety of grinding steps and annealing treatments are commonly compared. The present study was part of a NIST project to characterize grinding and machining damage in ground advanced ceramics and glasses [18] [19] [20] . Thermal shock investigations on advanced ceramics frequently utilized cylindrical flexure specimens in order to create symmetric thermal gradients and to eliminate edge effects.
A few studies compared flexure strengths of cylindrical and rectangular specimens for the same material. Sometimes the data were comparable and in other cases they were not. One study on porcelain [21] suggested round rod test data were superior, but this was probably due to the warpage of the rectangular specimens and the use of nonarticulating fixtures or due to intrinsic strength differences between the two specimen types. Cylindrical and square asfired reaction bonded silicon nitride specimens were tested for comparison by Newnham [22] . Four-point flexure was applied to 50 mm long specimens with either 4 mm by 4 mm square or 4 mm diameter cross sections. The strengths were quite similar and differed by no more than 5 %. The cylindrical specimens should have been 8 % stronger on the basis of the Weibull effective volumes. Newnham recognized the importance of frictional constraint and showed that results from fixtures with fixed knife edges produced 7-12 % overestimates of the true flexural strength from fixtures with rollers. Stanley and associates at Nottingham [23] also evaluated a silicon nitride with 4 mm square and 4 mm round specimens with as-fired surfaces in frictional errors were 14 % and 10 % for their square and cylindrical specimens, respectively. A design project for ceramic diesel valves compared transversely ground rectangular flexure, cylindrical flexure, and valve tension strengths [24] . Weibull size scaling of strength could not account for the observed strength differences, suggesting that there were different flaws in the different specimen types.
Tungsten carbides are commonly tested in flexure. Roebuck [25] conducted an international Versailles Advanced Materials and Standards (VAMAS) round robin on the flexure strength of 1000 round and rectangular hard metal (carbide) specimens. Eleven different specimen-fixture combinations were used including both three-point and four-point fixtures on six tungsten carbides and one Ti(C,N) cermet. For a given material, strengths differed by as much as a factor of 2 depending upon the geometry of the specimen and fixture. Results from cylindrical rod specimens were comparable to results from rectangular specimens provided that the rods and bars had similar fixture span to specimen thickness ratios. Fixture friction and wedging stresses were identified as major sources of experimental error and were estimated to be as large as 16 % and 14 %, respectively.
With the exception of a few cases, one is struck by how little attention has been paid to experimental errors. Most investigators were circumspect in describing their apparatus and most specimens were broken in fixtures designed for rectangular specimens. In the vast majority of cases the cylindrical specimens were broken in fixtures with fixed loading points, which created friction errors. This paper characterizes the experimental errors in testing rods, makes recommendations for when ordinary fixtures may be adequate, and presents a new simple, practical fixture suitable for routine characterization or design data purposes. This work was instrumental in the development of a new test method C1684 by ASTM, International Committee C-28, Advanced Ceramics [26] .
Experimental Procedures
Several fixture types were utilized including conventional fixtures designed to be used with rectangular specimens. A new fixture, shown in Figs. 3 and 4, designed specifically for rod specimens was also constructed and evaluated. It featured four cradles to evenly distribute load at the contact points. This fixture was used both with and without the cradles. Without the cradles, the loading rollers apply force directly to the round test piece on a small spot. The cradle V-groove accommodates specimens with a broad range of diameters and applies load along two contact lines on either side of the groove. Since the cradle is free to tilt, has the same width as the loading roller diameter, and is rigid and straight, the concentrated force P / 2 applied on one side (where the loading roller contacts the cradle) is balanced by a uniform force distribution on the other side (where the cradle supports the rod specimen). Our first cradle design had an extension tab, shown in Fig. 4 , to register the cradle in an exact location within the slot in the roller support plates. The back of the cradle had a shoulder to hold the cradle up against the loading roller in order to ensure proper positioning of the load. The 
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cradles were made of a 17-4 PH stainless steel with a Rockwell hardness of RC52. Figure 5 illustrates the force and moment diagrams. Although force is no longer concentrated at one location, the stress state in the central gage portion of the specimen is unchanged. The only difference is a slight change in the moment distribution at the loading and support points, as shown in Fig. 5 .
The cradles are not recommended for the middle point in threepoint loading. Assuming the forces are uniformly distributed over the cradle, the nominal maximum stress in the beam is decreased by ͑1−w /2L o ͒ as shown in Fig. 6 , where w is the cradle width. Thus, the peak stress depends upon the cradle size. Cradles on the outer rollers have no effect on the peak stress in the middle. Figure 7 shows an alternate simple cradle that may be used with ordinary four-point bend fixtures for rectangular specimens. This fixture was used to test specimens with and without the cradles.
Strain-gaged steel rods as shown in Fig. 8 were used to investigate the experimental errors. A tool steel rod (CPM Rex T15, Crucible Materials Corp., Syracuse, NY) 5 was used for the bulk of the work. Many of our experiments were done at 1000 N in four-point loading with the 40 mm by 80 mm fixture ( Fig. 8(a) ), corresponding to a nominal peak rod stress of 400 MPa, but sometimes with loads as great as 3000 N and peak stresses of 1200 MPa. A handbook value of 214 GPa is listed for the elastic modulus of this material. We measured dynamic elastic moduli of 228 GPa by flexural resonance and 236 GPa by ultrasonic time of flight measurements. On the basis of our extensive static flexure testing with this rod, we 5 Certain commercial materials or equipment are identified in this paper to specify adequately the experimental procedure. Such identification does not imply endorsement by the National Institute of Standards and Technology nor does it imply that these materials or equipment are necessarily the best for the purpose. estimated the quasi-static elastic modulus was 222 GPa and this value was used for all our subsequent stress-strain correlation work. A small 30 mm long and 0.7 mm deep flat was precision ground into the middle of the rod and three miniature (5 mm long) strain gages 6 were attached as shown in Fig. 8(b) . The gages had preattached leads and were in a three wire circuit connected with a quarter bridge configuration. The strain-gage factor uncertainty was ±1 %. Gages 1 and 2 were positioned to detect side-to-side strain variations and ensure the rod was in correct rotational alignment, and gage 3 was positioned to detect any longitudinal variations relative to the other two. The flat and cross-section sizes were carefully measured with a microscope. The neutral axis and moment of inertia of the reduced section size were taken into account in the stress and strain analyses.
FIG. 5-Forces
A variety of glass and ceramic materials were tested including fused silica rods, pressureless sintered alumina, single crystal sapphire, hot pressed tungsten carbide, several grades of silicon nitride, and one pressureless sintered silicon carbide. Stereoptical fractographic analysis was conducted on every specimen and selected pieces were examined with a scanning electron microscope. The inspection procedures are discussed in detail in ASTM Practice C1322 [27] and a new Guide to Practice for Fractography [28] . The majority of our experimental findings were on the effects of grinding on strength and are described in detail elsewhere [18] [19] [20] .
Stress State and Experimental Errors

The Stress State and the Maximum Stress
For a beam in flexure, the maximum outer fiber stress from simple beam theory is:
where M is the applied moment, c is the distance of the outer fibers from the neutral axis, and I is the moment of inertia of the cross section about the neutral axis. It is assumed that the material behavior is consistent with Hooke's law. 
The maximum stress occurs only at a point directly under the middle loading point in three-point flexure and on a line on the bottom of the specimen within the inner two loading points in fourpoint loading. The stresses diminish with distance from the bottom of the specimen to the neutral axis, which is coincident with the centroid of the rod cross section. The stresses also diminish linearly with distance to either side of the middle loading point in threepoint loading and between the inner and outer loading points in four-point flexure. The convention is to use the maximum outer fiber stress max as the strength of the rod b for most data interpretation including Weibull statistical analysis, irrespective of the actual location of the fracture origin. The only times that the stress should be adjusted for the failure location, either into the depth of the rod cross section or to the sides of the gage section, are for fracture mechanics analysis of flaws or fracture mirror size analyses [27, 28] . Figure 9 shows that the predicted and actual strain measurements for the strain-gaged steel rod are in excellent agreement, both with and without cradles. Figure 10 shows the fracture origin sites for silicon nitride rods tested in four-point bending with a 40 mm by 80 mm fixture with 6 mm wide cradles. The Weibull 6 Type KFG-2N-120-C1-11L3M3R, Omega Engineering, Stamford, CT. 
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modulus of this set was 12.5. The origin locations are well distributed in the gage section and there was no propensity to break at the cradles.
Common Errors
Common errors in flexural strength testing are shown schematically in Fig. 11 . Extrinsic errors are those associated with fixture or specimen misalignments, errors in load measurements, or erroneous specimen size and shape measurements. In addition to these extrinsic errors, the assumptions of simple beam theory must also be kept in mind. They usually are fulfilled for most ceramics and glasses, but may not be met for ceramic matrix composites or microcracked monolithic bodies. Simple beam theory assumes the material is homogeneous and linearly elastic to fracture. The elastic moduli in tension and compression must be the same. Duckworth [2] and Baratta et al. [6] analyzed the stress state of beams with unequal moduli in tension and compression and showed the neutral axis shifts location. Any nonlinearity in the stress-strain relationship considerably complicates the stress analysis, especially for rod cross-section beams. Care should be exercised when testing ceramics and glasses at elevated temperature since nonlinear stress-strain behavior and time-dependent effects can occur. Simple beam theory also assumes that transverse planes remain plane once the rods are deflected. Forces and bending couples must be applied to the beam in its longitudinal plane of symmetry [29] . Caution must be exercised when deflections become large relative to the beam cross-section size.
Shear stresses usually play a negligible role in bend testing of monolithic ceramics and glasses. In four-point loading, they are zero in the middle gage section but average P /2A, where A is the cross section between the inner and outer loading points. The shear stresses vary vertically through the beam cross section, however, and are zero at top and bottom surfaces of the beam. Most brittle specimens fracture from flaws near the tensile surface where the shear stresses are negligible. Ceramic matrix composites or tape cast and layered ceramics are exceptions and fracture may be initiated in the middle of the cross section or near loading points due to the shear stresses.
Errors may either be systematic or random and, since the total uncertainty is the cumulative effect of many errors, it is prudent to control or manage the individual errors as best as possible. Ceramists and designers are concerned with not only the average strength, but the spread of the strengths and the Weibull statistical distribution parameters. Therefore, the overall experimental uncertainty must be controlled in order to obtain good estimates of the material's intrinsic variability. A total experimental uncertainty for a single strength measurement of ±5 % is therefore unacceptable since (depending upon the material and its Weibull modulus) such an uncertainty may be commensurate with the intrinsic material variability one may be trying to assess. This 5 % level is quickly reached if individual errors are of the order of 1 % to 2 %. A total uncertainty of 2 % to 3 % is better and thus individual uncertainties should be held to 0.5 % to 1 %. The same uncertainty levels were used in the preparation of several rectangular beam flexural strength standards for ceramics [7, 8, 11] .
Initial Curvature
An initial beam curvature can give rise to two possible errors. One is an intrinsic error associated with a disturbance to the assumed linear stress distribution through the cross section. This topic has been treated by Timoshenko [29] , Baratta et al. [5, 6] , Duckworth [2] , and Roark [30] for rectangular beams. Roark [30] also included rods. The details of the analyses differ slightly, but in all cases the neutral axis of a curved beam that is bowed upwards in the fixture is displaced slightly from the centroid toward the center of curvature, giving rise to a nonlinear stress distribution through the beam thickness. For small values of the beam thickness or rod diameter, the displacement of the neutral axis is very small and the disturbance to the assumed linear stress distribution is negligible. Roark [30] and Timoshenko [29] say that for a / D ratio of 10 or more, the error may be ignored, where is the radius of curvature of the specimen as measured to the centroid. Roark showed that for / D Ͼ 5, the errors for rectangular beams and rods are about the same [30] . A quantitative error estimate can be made from Table VII in his book which includes an expression for k i , the ratio of the true maximum outer fiber stress ͑ T ͒ to the value obtained with the simple beam formula ͑ b ͒ assuming no curvature. When the moment of inertia of a circular cross section is inserted, the expression for k i becomes:
Hereafter in this paper we define the stress error in percent as: 
where b is the simple beam stress estimate ignoring the error or complication. Thus, the initial curvature error is:
The errors are negative, meaning the true stress is greater than the calculation assuming the rod is straight. For a 1 % error, the ratio of / D should be 40 or greater. For a 0.5 % error, the ratio should be greater than 83. These estimates are similar to those of Duckworth [2] , who concluded that a ratio greater than 25 is required for a 1 % or less error. Nevertheless, if ceramic or glass rods do have slight bows, it is recommended that they be tested with a consistent orientation in the fixtures. An additional extrinsic error for initially curved beams due to the shift of the loading point locations is covered in the "Contact Point Tangency Shift" section below.
Wrong Spans
If the inner ͑L i ͒ or outer ͑L o ͒ fixture spans are not their correct values, the moment arm dimension, a, is altered even if the spans are properly centered with respect to each other as shown in Fig. 11 . Assuming the inner span is actually L i + e s and the outer span is L o − e s , then it can be shown that the stress error in percent is:
A similar error of opposite sign exists if the inner span is too small and the outer span is too large for e S Ͻ 0.01. For
For three-point loading with a shortened outer span, the error is:
The four-point configuration amplifies the span error ͑e s / L o ͒ whereas the error in three-point is nearly the same as the span error. For a 1 4 -point four-point configuration, a 1 % stress error arises from spans that are in error by e s / L o = 0.0025 and for a 0.5 % error, by e s / L o = 0.0012. As a practical example, if a four point fixture has 20 mm by 40 mm spans, then e s should be less than 0.1 mm or 0.05 mm for 1 % and 0.5 % errors, respectively. This is a systematic error that is either positive or negative. All specimens in a set will have the same error.
Eccentric Loading
The spans may be of the correct size, but if they are misaligned with respect to each other, the moment distribution is skewed as shown in If the upper pair articulates, and each applies a force of P / 2 at a location shifted by e, then the error in stress at point 2 is:
The error at point 3 is:
For 1 4 -point four-point loading, these simplify to:
and
FIG. 12-Eccentric loading error. The top articulates in (a) and the bottom in (b). (c) The moment distribution for case (a).
QUINN ET AL. ON FLEXURAL STRENGTH OF CERAMIC AND GLASS RODS 7
Copyright by ASTM Int'l (all rights reserved); Mon Apr 
The greater error occurs directly at point 2, but the greatest stress, which is more likely to cause fracture, occurs at point 3.
For small e, a 1 % error in position ͑e / L o = 0.01͒ is amplified to a 2 % stress error. If, on the other hand, the bottom pair of rollers articulate and each apply P / 2, the errors at points 2 and 3 are:
= e a − e ϫ 100 Point 2 (13) and = − e a + e ϫ 100 Point 3 (14) which, for the case of 
01͒ is amplified to ±4 % stress error. As noted above, the errors are worst at the loading points and diminish linearly within the inner gage section. The errors for a set of specimens are random and either positive or negative since the actual fracture location can be anywhere within the gage section or possibly even just outside if there is a large flaw located there. As an example, for a fixture with 20 mm by 40 mm spans, a misalignment of 0.1 mm ͑e / L o = 0.0025͒ creates peak errors of ±1 % if the bottom articulates and ±0.5 % if the top articulates. If the fixtures do not provide any articulation the loads will become unbalanced as soon as the specimen begins to deflect under load even if the testing machine platens are perfectly flat and parallel. Such fixtures should not be used since very severe errors can arise [5, 6] .
The eccentric loading error was verified by experimental testing with the strain gaged steel rod. Figure 13 shows that the actual strains matched the predicted values extremely well.
The errors in three-point loading for a misaligned center point are not as great. The location of maximum stress follows the middle loading roller, and the moment arms are altered from the assumed L o /2 to L o /2±e, but the magnitude of the maximum moment changes slightly from
The stress error is thus:
The error depends upon the square of the positional misalignment in the numerator, and thus three-point loading is surprisingly insensitive to misalignment of the middle loading point.
Poor Articulation
A four-point fixture should be designed so that equal P / 2 forces are applied at each load point. A faulty articulation scheme in fourpoint loading can lead to unequal loads even if the fixtures are aligned. Fixtures with upper and lower spans that are rigidly bolted to the crosshead and platens should not be used since one cannot count on the universal testing machine having perfectly flat and parallel platens. The error depends upon the details of the fixture and test frame misalignments. In the worst case for four-point flexure, one inner loading roller may not even contact the specimen and the test is an asymmetric three-point test as shown in Fig. 11 .
Fixture Friction
Constraint from fixed loading pins can create very large errors. With reference to Fig. 14 , the upper portion of the specimen contracts and the bottom in tension expands during loading. If these elongations are restricted by fixed-loading points, a frictional con- straint of magnitude µP / 2 occurs at each loading point where µ is the coefficient of friction. This creates a moment of magnitude µPD / 2 that counteracts the moment from the vertical forces. The true moment, M, acting upon the inner gage section of a four-point loaded specimen then is:
The stress error is:
This is a systematic positive error. Every specimen in a batch will appear to be stronger than it actually is. A Weibull strength distribution will be shifted a fixed amount to the right in the usual graphical representation of probability of fracture versus stress at fracture [31] . If a 20 mm by 40 mm fixture is used with a 3 mm diameter rod and µ is a modest 0.3, then the error is +10 %. Errors of this magnitude and even greater have been reported many times in the literature. For example, Stanley et al. [23] observed errors of 10 % to 14 % in silicon nitride bar and rod strengths. They even measured the static coefficient of friction of specimens against their knife edges and obtained µ's from 0.3 to 0.8. The lower value was with lubricated knife edges, but the efficiency of the lubrication diminished as load was increased. Lubrication is not effective in eliminating friction errors. Coefficients of friction are quite variable, and there are no clear trends with mating part shapes, contact loads, or materials. Values from 0.3 to almost 1 are common, so friction errors in bend fixtures are appreciable in most circumstances.
The simplest remedy is to use rollers. They may be mounted in roller bearing assemblies, or, more simply, be allowed to roll on a plate parallel to the specimen's longitudinal axis as shown in Figs. 1, 3, 4, and 7. The outer rollers must be free to roll outwards and the inner rollers inwards. These motions slightly increase the moment arm. We measured roller movements of only approximately 0.05 mm for the outer rollers and half this for the inner rollers for our 40 mm by 80 mm fixture with the 6.35 mm strain gaged rod loaded to 1000 N ͑412 MPa͒. The gap between the roller and its stop was checked by trying to insert shims of various sizes. This tendency to change the moment arm was counteracted by a slight change (in the opposite direction) of the contact tangency points where the specimen touches the rollers. The rollers may be held in their initial starting places by ordinary elastic bands or magnets.
We checked the friction error experimentally with our straingaged steel rod in our 40 mm by 80 mm fixture. Four 6 mm diameter dowel pins with small flats ground on the rim were substituted for the normal 6 mm rollers as shown in Fig. 14(b) . The steel rod was loaded incrementally up to 2000 N (3500 microstrain) and the strains compared to those when normal rollers were in place and free to roll. The strain with the flattened rollers was systematically 4.2 % less, corresponding to a µ of 0.13. This is a low value, but the dowel loading pins had polished surfaces and the tool steel rod specimen had a fine-ground finish.
Wedging Stresses
The concentrated load where the loading point applies force to the rod creates not only high contact stresses where the fixture touches the specimen, but also wedging stresses that disturb the tensile stress field on the opposite side as shown in Fig. 15 . This case is also known as the "concentrated load problem." The wedging stress distribution is related to classic contact stress analyses that are primarily concerned with the stress distribution in the immediate vicinity of the contact points. The wedging stress analysis carries the problem further and considers the disturbances through the entire beam cross section and for short distances to either side of the contact points. Secondary tensile and compression stresses are superimposed on the bottom side of the bend bar in the vicinity of the loading point.
Duckworth called attention to the matter as early as 1951 [2] and used an early 1941 analysis by Timoshenko [32] to estimate the errors. Timoshenko and Goodier [33] analyzed the problem in more detail in 1951 for rectangular beam specimens using a solution by Von Karman and Seewald [34] . They showed that for a load at a contact point ͑P i ͒ and a beam cross section area, A, the wedging stresses are ␤P i / A, where ␤ is a dimensionless numerical factor. ␤ varies with position through the beam height and laterally on either side of contact point as shown qualitatively in Fig. 15(b) . The wedging stress on the tensile surface directly opposite the inner loading roller is compressive and reduces the stress assumed by simple beam theory. This wedging stress diminishes to zero slightly to either side of the contact point, but then becomes tensile. This can lead to excessive breakages just to either side of the load points. The magnitudes of the wedging stresses depend upon the ratio of the beam thickness to the span length and the intensity of the concentrated load. Short, thick specimens are susceptible and the error can be several percent in four-point bending or ten or more percent in three-point loading [5, 6] . It is a primary error source for threepoint loaded beams and only diminishes to less than 1 % for span length to thickness ratios of 20 or more. Timoshenko and Goodier [33] showed splendid photoelastic images by Frocht [35] that illustrate the contact and wedging stress perturbations. Several groups have confirmed the magnitude of the wedging stress error in rectangular beams [e.g., [36, 37] ] and Fett and Munz [37] extended it to four-point flexure. Only one analogous solution for circular beams is available [38] .
Fok and Smart [38] analyzed the wedging stress error for threepoint loaded rods using finite element modeling for span length to diameter ͑L o / D͒ ratios between 1 and 10. They confirmed that the stress trends predicted by Von Karman and Seewald for rectangular beams also occurred for rods. The errors for the rods were greater than those for rectangular beams, which is not surprising considering the very concentrated load located in the top middle of the three-point loaded rod. They even showed that in the case of very short stubby rods (L o / D ratios of 1 to 3) that the greatest tensile stresses occurred near the rod ends, and not under the middle! Short stubby rod-fixture combinations with such small L o / D ratios should not be used. Figure 16 shows some of the results of their work. The stress errors on the tensile surface and just below it are shown. Kittl and Diaz [39] also examined the effect of wedging stresses on the Weibull integrals and adapted the Von Karman and Seewald contact stresses solutions for rectangular beams to approximate the effects on rods.
Fok and Smart's work for three-point flexure [38] is readily adaptable to four-point loading. Although the Timoshenko and Goodier analysis [33] was for rectangular beams, it is reasonable to assume the same trends occur for rods but with different ␤ values. Imagine two test pieces of identical size, with one loaded in threepoint and the other in From Fig. 16 , it is evident the error in the maximum stress at the tensile surface is +5.8 % for a L o / D ratio of 5, which means that the peak stress from simple beam theory is larger than the actual peak stress. Errors of this magnitude ͑Ϸ5 %͒ persist out to L o / D ratios of 10. This is a worrisome error, but it is mitigated by the fact that nearby regions carry greater true stresses than simple beam theory predicts. Fok and Smart [38] showed that the net effect on the Weibull risk of rupture is small so that the error in the Weibull characteristic strength, , is also small as shown in Fig. 16 In summary, L o / D ratios of 3 or less should never be used for three-or four-point bend strength experiments. Ratios L o / D of 5 or greater are preferred and 10 or greater are optimum. If the true stress at a fracture origin in a three-point loaded rod is required for some analysis (e.g., fracture mechanics analysis of a flaw or a fracture mirror size), then rod stresses may be corrected using Fig. 16 . This is problematic, however, since these curves are for the location directly under the middle loading point. If the origin is located to either side, the wedging stresses will be different in magnitude and possibly sign. Corrections are not necessary for four-point configurations if the origins are located away from the loading points.
Contact Stresses
Intense contact stresses where a loading roller contacts a round test specimen can cause two problems: Hertzian contact cracks in the test specimen and permanent deformation in the loading rollers. Contact cracks form where the specimen touches the loading rollers due to the crossed cylinder geometry. Figures 17 and 18 show examples in glass. They are circular or elliptical on the outer surface and flare to a conical shape beneath the surface. At low loads, they often are only an arc. The contact footprint is elliptical and its size and shape depend upon the load, the elastic properties and the diameters of the specimen and the loading rollers. The smaller these diameters are the smaller the contact footprint and the greater are the contact pressures and stresses. The force necessary to pop in the crack depends upon the preexisting surface flaw density and the fracture toughness. Hence, it is difficult to make a general prediction in advance as to when contact cracks form. The cracks often are harmless if they are small and they do not disturb the overall stress distribution in the specimen or cause premature fracture. In our work, the strength of specimens with and without such top contact cracks in three-point loading were indistinguishable. On the other hand, contact cracks can cause premature fracture and invalidate the test if they get too large or reach a tensile-stressed portion of the rod, as shown in Fig. 19 . As discussed in the previous section, very short, stubby test point configurations are also susceptible to severe wedging stress errors. In summary, to minimize wedging stress errors and also to minimize the risk of deleterious contact cracks, short stubby test configurations should be avoided. L o / D ratios should not be less than 3 for three-point loading. For L o / D ratios of 3 to 5, the test specimens should be inspected to verify that the correct fracture patterns were obtained.
Short four-point configurations may be even more susceptible to the problem since the moment arm is shorter and greater loads are needed to cause fracture. Small contact cracks on the compression side may be harmless. Figures 20-22 show valid test fracture patterns. ASTM Practice C1322 [27] and Ref. [28] provide guidance on interpretation of fracture patterns. Ceramic test fixtures should be used with caution if L o / D Ͻ 10 ratios are used. Ceramic fixtures for use at elevated temperatures are often made of silicon carbide which has a very high elastic modulus and hence will have a very small Hertzian contact footprint and very large contact stresses. Loading pins should be inspected for damage frequently and should be easily replaceable.
The other concern is avoiding plastic deformation in the fixtures and the loading rollers. Our metal fixtures were sometimes overloaded causing plastic deformation in the form of small depressions at loading points or at support platforms. The rollers were replaced or the fixture reground or resurfaced when this occurred, since depressions would impair proper load application to new specimens and possibly prevent the proper rolling action of the loading rollers. In principle, fixtures can be designed to resist plastic deformation. Contact pressures can be converted to compression and shear stresses and one can obtain estimates of the necessary yield strengths for the rollers and fixture. Stresses increase with smaller roller and specimen diameter sizes, with greater roller and specimen elastic moduli, and greater applied forces. Calculations like these are specimen size, material, and fixture design specific. Hence, it is difficult to make general recommendations as to roller sizes, hardnesses, or support structure sizes or shapes. Over 30 years of our experience with bend fixtures for rectangular and round specimens has produced mediocre correlations of predictions to observed behavior. Small overloads caused very slight permanent deformations that were almost unnoticeable either on the fixtures or on the recorded load-displacement traces, even when we intentionally overload the fixtures. Evidently deformations were confined to a tiny area just beneath the surface and stress redistribution alleviated the problem. Severe overloading did create depressions. We surmise that many of the observed deformations were from dynamic impulse loading that occurred at the instant that a test specimen broke. Depressions typically started at a side surface on the fixture or cradle where there was less constraint. In 
3͒. The bottom of the fixture does not need to articulate in three-point bending. (b) Close-up of a Hertzian contact crack in the surface of the glass rod. The black elliptical ring is the crack which flares out underneath the surface, causing light to reflect.
FIG. 18-Fracture surfaces of glass rods. The maximum tensile stress was on the bottom dead center in each case. In (a), the fracture origin is slightly to the left (arrow). A harmless contact crack (circled) on the compression half of the rod is exposed by the primary fracture. (b) Close-up of a harmless contact crack on the top of another specimen. The final fracture came from the bottom and cleaved through the contact ring crack.
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Copyright practice, we found it simplest to select low cost steel dowel rods or pins. Hardnesses of the off-the-shelf dowels or pins are commonly RC58-62, which is usually more than adequate if the roller size is comparable to the specimen diameter. We also observed surface scuffing and nicking of loading rollers. At the instant of fracture, the hard ceramic broken fragments slide over and abrade the loading rollers. Pieces typically fly out of the fixtures unless they were buffered by tissue, cotton, or gentle tape. We discard and replace any loading rollers if they receive surface damage greater than a few simple cosmetic scratches.
The rollers should be supported by a fixture base that is five to ten times wider than the specimen diameter, so that the forces on the loading rollers are distributed over a long line contact. In this manner, fixture parts can be used with off the shelf moderate hardness (RC 30) steels that do not require hardening treatments or surface grinding.
Cradles are not necessary for many loading conditions with reasonably large L o / D ratios and rods can be tested directly resting on loading rollers. There was no unusual incidence of fracture at the loading points for many of the materials that we tested. If contact cracking occurs that invalidates results or fixture deformations are a problem, then cradles may be used to eliminate the problem. Contact cracking probably will be a problem for glasses and some brittle materials if L o / D ratios are 5 or less.
Contact Point Tangency Shift
A change in the moment arm length can occur as a specimen deflects due to a change in the contact points on the loading rollers, as shown in Fig. 23 . The shifts in the contact points h 1 and h 2 change the moment arm. They depend upon the specimen and roller sizes, and the ratio of the strength (and the force necessary to break the beam) to the elastic modulus. The error can be minimized by use of small diameter loading rollers, but they should not be too small lest they create excessive contact stresses as described in the previous section. The following analysis ignores horizontal forces arising Fig. 17 
FIG. 19-Contact cracks can cause premature fracture. (a) Four fractured glass rods that were tested in three-point bending as shown in
(a). The marks show the location of the loading points. The arrows show the origins of primary fracture. The top specimen broke properly from an origin on the tensile side (bottom) in the middle and was a valid test. The other three fractured from contact cracks at the outer support points and are invalid. The bottom two also have secondary fractures. (b) The fracture surface of one of the invalid tests. Primary fracture started at a contact crack formed at the outer load point (white arrow). The bending tensile stresses are very small at this location, but the large contact crack reached them and was pulled into the bulk of the specimen. It then ran up to and intersected the even larger cone crack under the middle loading point on the top right (black arrow).
FIG. 20-Fracture patterns in four-point tested rods. (a) Schematic side views with the tension side on the bottom. The arrows show the initial fracture locations. (b) Silicon carbide test rods. Low strength specimens break into only two pieces with a small compression or cantilever curl on the compression side. The primary crack always starts perpendicular to the rod axis, but may split or fork if there is sufficient stored elastic energy in the rod. Secondary breaks may occur elsewhere, often at loading points due to reverberations of elastic energy waves. The secondary breaks are often inclined at a slight angle to the rod axis.
because of the tangency shift, but for beams of small deflection the effect is negligible. Other analyses which do take into account the horizontal force components have been presented by Vrooman and Ritter [40] and West [41] , but the horizontal forces only become significant at larger deflections.
The specimen slopes at the contact points determine h 1 and h 2 . From simple beam theory: 
FIG. 23-Contact point tangency shift can shorten the moment arm. (a) The overall geometry and (b) and (c) close-ups of the left outer and left inner loading rollers with optional cradle inserts.
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Attention is now turned to the specific geometries where the specimen meets the loading rollers. This analysis also takes into account possible load-distributing cradle inserts between the roller and specimen as shown in Figs 
For small deflections, the h 1 2 and h 2 2 terms are insignificant, and thus:
Combining Eqs 1, 20, and 24 and then 21 and 25:
Using a true moment M T = ͑P /2͒ ͑a − h 1 − h 2 ͒ and T = M T c / I as well as Eq 2 for b , then:
which for 1 4 -point four-point flexure is:
and for three-point flexure is:
The error depends upon how much the specimen deflects, which is proportional to / E and also the ratio of the loading roller sizes (plus the size of cradles if used) to the specimen diameter. The error is always positive, meaning that a stress calculation that ignores the change in contact points overestimates the actual stress in the beam at fracture. If / E = 0.001, as is the case for some glasses and ceramics, then 1 4 -point four-point errors of 0.5 % and 1.0 % correspond to a ratio of the sum of the roller radius and the cradle height to the specimen diameter, ͑ r + q͒ / D, of 1.0 and 2.0 respectively. If no cradles are used, q = 0, and the 0.5 % and 1.0 % errors correspond to the use of loading roller diameters two or four times larger than the specimen, respectively. On the other hand, some ceramics (e.g., toughened zirconias) are strong but compliant and, if / E ratios are as large as 0.0067, errors of 0.5 % and 1.0 % arise from roller diameters that are 0.3 and 0.6 times the specimen diameter, respectively. Anyone who has ever tested high strength zirconia specimens is usually surprised the first time he or she observes the deflections. In summary, loading rollers and any cradles should be large enough that they do not experience severe contact stresses that cause permanent deformation in the fixtures or contact cracking in the ceramic specimens, but they should not be so large as to be susceptible to the contact point tangency shift error. It is suggested that loading roller diameters be comparable in size with the specimen diameters.
Initial Rod Curvature
An extrinsic stress error arises when initially curved rods are tested in ordinary bend fixtures with rollers or rounded knife edges since the load application points are displaced laterally as shown in Fig.  24 . The moment arm, a, is decreased and the common formula for the maximum stress overestimates the true stress creating a positive stress error. If the rod is flipped and inserted so that it is arched upwards, the moment arm increases leading to a negative stress error. Horizontal forces applied at the contact points are ignored in the simple geometrical analysis below. If a rod of diameter D and constant initial radius of curvature c to the compression side of the rod is placed on fixtures with roller radii r , then: (32) and therefore:
where ⌬a 1 and ⌬a 2 are the lateral shifts in the outer and inner contact points, respectively, and 1 and 2 are shown in Fig. 24 . For c r and D these simplify to:
The true moment arm a T is a − ⌬a 1 − ⌬a 2 , and thus the error in the maximum stress from ignoring shifts in the contact point is: The error is positive for a rod that is arched downward as shown in Fig. 24 meaning that the simple formula ignoring the curvature is larger than the true stress. For 1 4 -point four-point flexure, the error is 1 % for r / c = 0.0033 ͑ c / r = 300͒ and is 0.5 % for r / c = 0.0017 ͑ c / r = 600͒. The analysis for a rod that is arched upwards is similar, but the error is negative and of slightly less magnitude.
The error is independent of the rod or fixture properties. For small curvatures it simply depends upon the ratio of the roller or knife edge size to the initial rod curvature. The larger the rollers, the greater is the error. The error could be eliminated by using very sharp contact points, but that would incur wedging stress errors and excessive contact stresses. If some specimens are bowed, then the degree of bow or curvature should be measured and the experimental errors estimated with Eq 38. There are several options if the error is significant. One option is to test all specimens with the same orientation in the bend fixture and the stresses corrected or at least an estimate of error reported. Alternately, the specimens may be rejected. A 1 % error occurs for a four-point bend fixture with 20 mm by 40 mm spans, a roller diameter of 4.5 mm ͑ r = 2.25 mm͒, and a 3 mm diameter rod specimen that has a radius of curvature of 675 mm. The apparent bow of the middle of the specimen, ␦, relative to the rod ends is related to the radius of curvature by:
where L T is the overall rod length. For the example given above, and assuming a 50 mm long specimen, the bow in the middle is 0.46 mm, an easily detected and measured amount. The error for three-point loading with a rod specimen bowed downwards is less than that for four-point bending since there is no lateral contact point shift for the middle loading point. For a beam arched downward:
which for large radius of curvature, c D, is:
This is quite simply the ratio of the roller radius to the specimen radius of curvature. So a 1 % error arises from a radius of curvature 100 times the contact roller radius, or 50 times the roller diameter. A 0.5 % error arises from a specimen radius of curvature 100 times the roller diameter. The error for an upwardly arched rod has the same magnitude but is negative.
Large Deflection
In several instances above, it was assumed that deflections were small in order to simplify the analysis. Many ceramics have high elastic moduli, have low to moderate strengths, and the specimen and fixture geometries are such that small deflection assumption is valid. There are exceptions. For initially straight beams in bending, the radius of curvature, R, of a deflected beam is related to the applied moment, M, by [29] :
For small deflections, the second term in the denominator is negligible compared to unity and can be ignored. For modest or large deflections, this term must be included and the nonlinear equation solved. The primary complication is that significant horizontal forces develop at the loading points as the beam deflects. Figure 25 shows the inward forces acting on the specimen at the outer contact points and outwards acting forces acting at the inner loading points. The magnitude of the forces are ͑P /2͒ tan , where is the angle between the beam's slope at the contact point and the x axis. These force pairs add a moment to the beam in addition to that applied by the vertical forces. A simple estimate of the limits of the applicability of simple beam theory can be made by evaluating the significance of the ͑dy / dx͒ 2 term in the denominator of Eq 42. If the ͑dy / dx͒ 2 term is 0.01 (1 %), then dy / dx = tan = 0.1, or = 5.7°. The slopes of three-and four-point loaded beams are greatest at the outer loading points. From simple beam theory (ignoring the very small nonlinearity), the slopes are:
for three-point and 1 4 -point four-point, respectively. Note that the slope for the latter is 50 % greater than for the former. Setting Eqs 43 and 44 equal to 0.1 and rearranging gives:
for three-point and A more rigorous approach is to solve the nonlinear relationship Eq 42. West [41] used a numerical analysis to solve for the deflections and stresses for three-point loading. Vrooman and Ritter [40] and Schile and Sierakowski [42] analyzed four-point loading. Their approaches were similar and differ slightly in detail. They started with loading diagrams similar to Fig. 25 but with the exception that they showed forces acting on the beam's neutral axis. These studies (and other earlier analyses they cited) were concerned with very large deflection problems and this assumption was made to simplify the analysis. A primary finding of the three studies [40] [41] [42] was that deviations from simple beam theory depend upon L o / D. The longer the span, the greater the deflections, and the greater the horizontal force components and errors from large deflections. The deviations were a direct function of the slope dy / dx at the outer support point and for small angles, the results matched simple beam theory. Vrooman and Ritter [40] considered a thin beam as one such that the L o / D ratio is greater than 10.
They also concluded the error is related to the ratio of the material strength to the elastic modulus, / E. Lower moduli materials deflect more and will develop greater horizontal forces. The strength of the material determines how much force is needed to break the test piece and hence how much it deflects prior to fracture. Large / E ratios are of concern for plastics with their low elastic moduli and nonlinear deflection behavior is observed at L o / D ratios as small as 6.2 in three-point loading [43] .
West's final results [41] for three-point loading are correction factors ͑ͱ 2 ͒ to the simple beam theory stress solution, T = ͱ 2 b for the maximum stress. Hence the error in stress in percent is 100͑͑1/ ͱ 2 ͒ −1͒. Figure 26 shows the correction factors and the error are simply a function of the midspan deflection relative to the total span 7 . The material's elastic modulus and the moment of inertia affect the error through the deflection. Significant stress error ͑Ϸ5 %͒ occurs for a normalized midspan deflection ␦ / L o of 0.088. This corresponds to an outer contact point angle of 15°, which is a large and easily observed angle. Curve fitting his numerical analysis results with a third order polynomial allows us to estimate that a 1 % stress error arises from normalized midspan deflections ␦ / L o of 0.0373 or 1 / 26.8 where L o is the total span in three-point loading. A 0.5 % error arises from a normalized deflection of 0.0245 or 1 / 40.8. So for a 40 mm total span, the deflections ␦ are 1.5 mm and 1.0 mm, respectively. These deflections are of the 7 West expressed the deflection ratio as the midspan deflection normalized by the half span in his paper. The errors are reported in this paper relative to the deflection normalized by the full span, L o .
FIG. 25-Large deflections can lead to the development of horizontal force components shown in (a) that can create either a positive or negative moment P/2 tan 1 ͑D/2−␦͒ depending upon the overall deflection as shown in the free body diagrams in (b) and (c).
same order as some typical specimen heights. The errors are systematic and negative meaning that simple beam theory underestimates the true stress in all specimens tested in a group. Although West's analysis was intended for rectangular cross-section beams, the same approach applies to rod specimens. The influence of the shape is through the moment of inertia, I, that is factored into the deflection.
The midspan deflection ␦ 3 for three-point loading from simple beam theory (for very small deflections and the small deviations from linearity that we are concerned with) is:
and since = ͑PL o D͒ /8I for three-point loading:
From Fig. 26 and using the polynomial fit through West's results, ␦ 3 / L o is 0.0373 for a 1 % stress error and rearranging Eq 48 gives for three-point:
For a 0.5 % stress error, ␦ 3 / L o is 0.0245 and:
In other words, Eqs 49 and 50 give the L o / D ratios that give rise to stress errors of 1 % and 0.5 %, respectively, for a material with a particular E / ratio. 
for 1 % and 0.5 % errors, respectively. Once again, these outcomes from the modified West analysis match those from the simple analysis that led to Eq 46. Figure 27 also shows the L o / D limits for 1 4 -point four-point loading. It is apparent that some care must be exercised in the choice of fixture spans and specimen diameters with low E / materials such as yttria-stabilized zirconia polycrystal and magnesia-doped partially stabilized zirconia, glass ceramics, and strong tungsten carbides. Equations 49-52 may be used as guidance for the selection of fixture spans and specimen diameters. These L o / D limits are approximations only since they are based on the assumption that forces act on the beam neutral axis. The horizontal forces actually act on the top and bottom surfaces of the beam. This affects the moment created by the horizontal forces particularly for small deflections. The sign of the moment changes depending upon whether the axis of the horizontal force goes below (Fig. 25(b) ) or above (Fig. 25(c) ) the centroid of the beam on the right side in the free body diagram. When the inner loading point has deflected by one half the beam height, then the moment vanishes. The matter is even more complex for the inner span in four- point loading since the horizontal forces at the inner and outer loading points act at different distances above or below the centroid at the end of the free body section. Figure 8 (a) shows moderate deflection in the tool steel rod in the fixtures when loaded to a peak stress of 1200 MPa and peak strain of 0.6 % for the nominal 40 mm by 80 mm spans and 6.35 mm rod diameter. The L o / D ratio is 12.6. The E / ratio is about 170. The deflection looks dramatic, but in reality it is not very severe. The load-strain graph was almost perfectly linear from zero to peak load with a correlation coefficient of 0.999999. The midspan deflection to diameter ratio ␦ / D was only 0.21.
Although we have been primarily concerned with small deviations that cause stress errors of the order of 0.5 % to 1 %, very large deflections lead to large horizontal forces and moment arm lengths. Moments are created that are commensurate with those from the vertical forces. Significant nonlinearities in load-deflection response arise and an instability point is reached whereby the specimen slips through the outer support points and bottoms out on the fixtures. This should not come as a surprise to anyone who has tested thin glass fibers in bending. West [41] showed the instability point occurs in three-point loading once the midspan deflection is about 0.2 to 0.25 times the full span, corresponding to a specimen rotation at the outer contact point of about 35°to 40°. These deflections and angles far exceed those recommended for normal practice. This instability estimate is about the same as Schile and Sierakowski's [42] analytical estimate of 35°for four-point loading. Vrooman and Ritter [40] experimentally observed instability at 40 degrees for one particular four-point configuration when very high strength, acid etched glass rods were tested with a L o / D ratio of 21. They cited another study when instability occurred for fourpoint tested very high strength glass rods with L o / D ratios as low as 10.
Wrong Specimen Size or Cross-Section Shape
Correct measurement of the rod diameter is important since, as Eq 2 shows, stress is proportional to the inverse cube of the diameter. If the ratio of an incorrect diameter measurement to the true diameter is e D = D incor/ D true , then the error in stress expressed as a percentage is:
To keep the stress error at a 1 % level, then the diameter should be measured to within 0.33 %. For a 0.5 % stress error, the diameter should be measured to within 0.17 %. So, for example, for a rod of 6 mm diameter the measurement should be accurate to within 0.02 mm for a 1 % error, or 0.01 mm for a 0.5 % error. In practical terms, a hand micrometer with flat anvil faces or a caliper that has a resolution of 0.01 mm is adequate provided that the instrument is accurate. This error can be practically eliminated ( Ϸ 0.10 to 0.15 %) by the use of a Vernier or digital hand micrometer with a resolution of 0.002 mm. Small diameter rods ͑Ͻ3 mm͒ should be measured with such a hand micrometer. The diameter should be measured in the specimen gage section region or in the vicinity of the fracture origin area. If the measurements are made before specimen fracture, care should be taken not to damage the specimen by scratching or creating contact damage. Ball or radius tip micrometers should not be used.
As-fired or extruded rods may be noncircular. Some ground rods may have lobes as a result of machining or polishing. It would be difficult to analyze all possible variations, so an elliptical cross section shape as shown in Fig. 28 is assumed as an approximation. The maximum stress formula must be adjusted for the revised moment of inertia and also for the changed distance of the outer fibers from the neutral axis. The moment of inertia of an ellipse about the neutral axis is I = ab 3 / 4. The maximum stress then is:
It is important to know whether the major axis is aligned parallel or perpendicular to the loading axis. Ideally, the ellipticity should be evaluated and marked on the specimen beforehand and the specimen inserted into the test fixtures with a consistent orientation and Eq 54 used with the correct dimensions. If the ellipticity is overlooked or ignored and only a single measurement of the rod thickness made, then bounds on the range of stress errors can be made by assuming that either dimension 2a or 2b was measured, and the resulting "diameter" inserted into the simple stress formula Eq 2. Another possibility is that both 2a and 2b are measured and an average used as an "effective diameter" of an assumed circular rod. Table 1 Cross section is assumed to be circular.
Only dimension 2b is measured and it is aligned parallel to the loading axis. 2
Cross section is assumed to be circular.
Only dimension 2a is measured and it is aligned perpendicular to the loading axis. 3
Cross section is assumed to be circular. or negative depending upon the a / b ratio and the specimen orientation. The least error occurs for case 3, wherein an average size is used. The next worse case, which has twice as much error, is case 1, where only the height 2b is measured. The worst error, twice as bad again, is for case 2, where only the width 2a is measured. If an "average diameter" is used (case 3) and the a / b ratio is between 0.98 and 1.02, the stress error is 1 % or less. Similarly, if the a / b ratio is between 0.99 and 1.01, the error is less than 0.5 %. In summary, greater errors occur if the ellipticity is not detected and a single 2a or 2b dimension used as the diameter of an assumed circular cross section (cases 1 and 2). If the ellipticity is detected, an average diameter should suffice (case 3). There is no error if the ellipticity is detected, the specimen orientation is noted, and the correct dimensions used in Eq 54. The direction of the loading axis may easily be deduced after fracture from the compression curl on the fracture surface (Fig. 21) .
Testing Machine Requirements and Loading Rates
The fracture load uncertainty should be 1 % or 0.5 % as required. Load readout resolution should not be confused with load accuracy and precision. A machine that displays a break load to 1 % or better resolution may not necessarily be accurate at that level. Many ceramics and nearly all glasses are sensitive to loading rates, usually due to the presence of environmentally assisted slow crack growth. Water either in the form of a liquid or as humidity in ambient air can cause crack growth in stressed specimens. Small surface cracks can grow meaningful amounts in the short times necessary to break a specimen. There are two remedies: either test at fast stressing rates or surround the fixture and specimen in an inert environment such as dry nitrogen gas during testing. Table 2 summarizes the findings of the previous subsections in this section.
Other Factors
Specimen Preparation
The flexural strength of a ceramic or glass depends on its inherent resistance to fracture (e.g., fracture toughness) and the size and severity of flaws. Sometimes fired ceramic or drawn glass rods are tested in their as-processed condition, but often rods are machined to final size. Grinding can introduce microcracks or residual stresses which may have a pronounced effect on flexural strength. Machining damage imposed during specimen preparation can be either a random interfering factor, or an inherent part of the strength characteristic to be measured. With good machining practice, it is possible to obtain fractures from the material's natural flaws.
A common misunderstanding is that strength depends upon surface finish or surface roughness. Sometimes there is a correlation, but often there is not. The reason is that strength is controlled by the size and depth of cracks penetrating deep below the surface, whereas the surface roughness only characterizes the outer surface. Multiple steps are almost always used with diamond abrasive grit grinding. Coarse grinding wheels and fast initial grinding conditions are used to efficiently remove material. Final machining steps with fine grit wheels, lapping, or even polishing bring the part to final dimensions, but may not necessarily eliminate prior damage. The goal is for the final finishing grinding to remove deep cracks from the earlier grinding stages and to minimize the introduction of new damage. Grinding cracks are asymmetric as shown in Fig. 29 . The severest cracks are parallel to the direction of abrasive motion. Centerless or transverse grinding aligns the severest machining cracks perpendicular to the rod tension stress axis. The specimen may fracture from these cracks when loaded in flexure. Longitudinal grinding, which is commonly used to orient grinding damage cracks in rectangular bend bars, is less commonly used for rod specimens but is feasible.
It is difficult to specify a universal grinding procedure for all ceramics and glasses. Nevertheless, some general guidelines for ceramics are included in ASTM Standard C1684 [26] . The guidelines include grinding wheel specifications and material removal conditions for coarse, intermediate, and finish grinding. The guidelines were effective in minimizing or eliminating grinding cracks as strength-limiting flaws in several grades of silicon nitrides, aluminas, and silicon carbides, and it is expected they are suitable for many ceramics. Nevertheless, materials with low fracture toughness and a greater susceptibility to grinding damage may require finer grinding wheels at lower removal rates. References [18] [19] [20] may be consulted for additional information including grinding damage maps and many illustrations of grinding cracks in ceramics.
Statistics
The same general issues of statistical sampling apply to cylindrical specimens as to rectangular specimens or even to tension specimens. For purposes of estimating the mean, ten or more specimens should be tested. For more detailed statistical analyses such as Weibull parameters estimation [15, 44] , thirty or more specimens should be tested to minimize the uncertainties of the parameter estimates. It is beyond the scope of this paper to delve into statistical analysis of brittle material strength data, but consensus has been reached at an international level and there now are formal documentary standards for Weibull analyses of ceramic strength [45] [46] [47] . They all use the maximum likelihood analysis and have the same confidence bounds on the Weibull parameter estimates from small sample sizes. The uncertainties from statistical analysis do not take into account uncertainties from experimental errors, which are the focus of the present paper. A National Advisory Materials Board report [48] on ceramic reliability analysis stated that: "Statistical fracture theory is based on the premise that specimento-specimen variability of strength is an intrinsic property of the ceramic, reflecting its flaw population and not measurement errors. Use of statistics to account for a variability having an assigned cause, of course, is quite different from usage of statistics in experimental work and it introduces a peculiar problem-namely, that the ceramic strength data must be essentially free of experimental error. If the data reflects experimental error as well as flaw variability, the resulting statistical description of the strength of the ceramic will be incorrect." Error free data is a goal, but the total elimination of experimental error may be impractical or expensive. As we stated in the beginning of this paper (first subsection of "Stress State and Experimental Errors"), our goal is to limit experimental errors to an acceptably low level so that material's actual variability can be properly evaluated.
The Weibull distribution is appropriate for analysis of the strength distributions in ceramics and glasses. The primary exception is for small sample sizes when one is only interested in an average strength and standard deviation for simple comparative purposes. There is a sound technical basis for the use of the Weibull
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distribution and experience has shown it is applicable in most cases. Additional information on the Weibull model and its correlation to flaw size distributions may be found in Refs. [49] [50] [51] [52] . Fractography is strongly recommended to confirm whether one or more flaw populations are active and whether the origins are inherently volume-or surface-distributed. ASTM Practice C 1322 [27] and Ref. [28] may be consulted to aid in fractographic analysis.
Strength Scaling
Larger specimens or components are apt to be weaker due to the greater chance of their having a larger severer flaw. Three-point strengths are greater than four-point strengths for rods of the same diameter and outer span lengths. The Weibull weakest link model [15] predicts a strength dependency upon component size that has been verified by a number of studies [13] . Weibull effective volumes and surfaces are used to scale ceramic strengths from one component size or testing configuration to another. Closed form mathematical solutions for scaling the strengths of ceramic or glass rods to other sizes and configurations may be found in Ref. [52] .
Break Locations
A common misunderstanding about flexure testing of brittle materials is that all fractures should occur directly under the middle loading point in three-point loading, or within the gage section in four-point loading. In this respect, Fig. 10 is misleading since it shows all fractures as being within the inner gage section. Origin locations can be almost anywhere in the tensile stressed portions of the test piece. Fracture originates at the single flaw with the worst combination of size, shape, and local stress. A very large flaw located just outside the inner gage section in four-point flexure will cause fracture. Large flaws to either side of the middle loading point in three-point bending can trigger fracture. The propensity for such fractures depends upon the Weibull modulus. The greater the Weibull modulus, the tighter the scatter in strengths and the more consistent are the flaws. Most fractures occur where tensile stresses are greatest and cluster near the middle load point in three-point or within a four-point inner gage section. On the other hand, a material with a large scatter in flaw size, and hence a low Weibull modulus, has a greater dispersion of fracture locations. Examples have been shown previously [53] [54] [55] . An unusual concentration of primary fracture origins near an inner loading point in four-point bending may indicate a fixture misalignment. High strength specimens often have secondary fractures at loading points as a result of reverberations of stored elastic energy in the specimen and fixtures. Such secondary fractures are not a cause for concern.
Examples Figure 30 shows a typical Weibull strength distribution graph for a sintered reaction bonded silicon nitride [18] [19] [20] . Five test data sets with different specimen preparation procedures are shown. A maxi- 
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mum likelihood analysis in accordance with ASTM Standard Practice C1239 [45] was used to obtain the Weibull parameters shown in the plot. Rods ground longitudinally with a 320 grit wheel revealed the intrinsic strength of the material whereby strength was controlled by the material's inherent volume-distributed flaws. These usually were compositional inhomogeneities and inclusions. Longitudinal grinding aligned the largest grinding cracks so that they were not strength limiting. The baseline strength was matched with a second set of rods that were centerless transverse-ground with a fine 600 grit wheel. Despite their unfavorable alignment relative to the stress field, the grinding cracks were very small and usually not strength controlling. Transverse grinding with coarser grit wheels caused severe grinding cracks that weakened the material as shown in Fig. 30 . Every grinding crack fracture origin was identified and measured in the study [18] [19] [20] . Figure 31 shows data for a fused silica. Glasses are particularly sensitive to surface condition and the strength distributions are dramatically different due to the different grinding cracks that controlled strength for the two procedures. Each specimen in the two sets broke from a grinding crack.
Conclusions
The sources of experimental error in flexure testing of brittle rods have been identified, quantified, and verified experimentally. Fixture requirements and recommendations for round brittle material specimens are presented. A new fixture design with load distributing cradles eliminates problems with contact cracking at loading points. This work and complementary empirical experience on a wide range of ceramics and glasses serves as the foundation for the development of ASTM International Test Method C-1684 in 2008.
